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Foreword.
The following lecture note is prepared for my lectures at Shinshu University from
November 13 to 17 of 1995. This lecture was a supplementar.$\mathrm{v}$ course of the group
theory for the 3rd grade students who have just studied it, not including the Galois
theory. My objective was to introduce them to the classical work of $\mathrm{H}.\mathrm{A}$ .Schwarz
$\prime l\mathrm{J}\mathrm{e}\mathrm{b}\mathrm{e}\mathrm{r}$ diejenigen $\mathrm{F}\dot{.}\dot{\mathrm{a}}1\mathrm{l}\mathrm{e}$, in welchen die Gaussische hypergeometrische Reihe eine
algebraische Function ihres vierten Elementes darstellt, J. reine. angew. Math. 75
(1873), 292-335”. I have chosen this subject because here the group theory plays a
beautiful role and also because of the more recent progress made by P.Deligne and
$\mathrm{G}.\mathrm{D}$ .Mostow.1 I record this lecture note here, hoping that it would be of some help
for young students to access this classical work. ..
April 1997
Akihiko Gyoja
1Cf. a survey article by Mostow in Bull. AMS. 16 (1987), 225-246.
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19 E.Galois (
Galois ) – . (
.) .
– .
$\mathrm{H}.\mathrm{A}$ .Schwarz, Ueber diejenigen F\"alle, in welchen die Gaussische hypergeometrische Reihe eine alge-
braische Function ihres vierten Elementes darstellt, J. reine. angew. Math. 75 (1873), 292-335
Schwarz .
. $\alpha,$ $\beta,$ $\gamma\in \mathbb{C}$
$x(1-x) \frac{d^{2}y}{dx^{2}}+(\gamma-(\alpha+\beta+1)x)\frac{dy}{dx}-\alpha\beta y=0$
$y=\varphi(x)$ $x$ .
2 $F(x, y)=0$ $y=f(x)$






1.1.3. . 2 $L_{1}$ $L_{2}$ $\pi/n$ . $s_{1}:=s_{L_{1}}$ $s_{2}:=s_{L_{2}}$
$I_{2}^{(n)}$ 2 .
1.1.4. . $I_{2}^{(n)}=\{(s_{1}s_{2})i, (s_{1}s_{2})^{i}s_{1}|i=0,1, \cdots, n-1\}$ . $2n$
. ( : $s_{1}^{2_{=}}s_{2}^{2}=(s_{1}s_{2})^{n}=e$ (= )
. $2n$ .)
1.1.5. . 2 $I_{2}^{(n)}$ $n$ (1.1.3) .
1.1.6. . 2 $L_{1}$ $L_{2}$ $\theta$ . $s_{1}:=s_{L_{1}}$ $s_{2}:=S_{L_{2}}$
$w$ $n$ $k$ $\theta=\pi k/n$ .
1.1.7. . ( ) $W=I_{2}^{(n)}$ .
1.1.8. . $w$ $w$ .
$P$ $w$ $w$ $w(P)=P$.
. $Q$ . $W=\{g_{1}, \cdots, g_{n}\}$ $P= \frac{1}{n}\Sigma_{i=1}^{n}g_{i}(Q)$ (
).
1.1.9. . .
1.1.10. . $w$ $n$ $W=I_{2}^{(n)}$ . $x$ 3
$L_{1},$ $L_{2},$ $L_{3}$ 3 $s_{L_{1}}$ , $s_{L_{2}}$ , sL $W_{X}$ .
. (1.1.8) $P$ . $L$ $w$ $P\in L$
. $L_{1}$ $L_{2}$ $w$ $L_{1}$ $L_{2}$
$L_{1}$ $L_{2}$ . (1.1.6) $s_{L_{1}}$ $s_{L_{2}}$ $w$
.\iota 3’V)’ 2 \tau . ) ’ {$\text{ }.\text{ }.L_{i}’ L$
$\pi/n$ $L_{1}$ $L_{2}$ . $w$
176
$W’$ . $W$ $W’$ $W=W’$ .
. $\mathrm{T}\prime V_{X}$ (1.1.3)
. $L_{1},$ $L_{2},$ $L_{3}$ (1.1.3) 3
. ( )
1.1.11. . 3 $\mathbb{R}^{3}$ ( )
(3 ) . $n$
. ( :lj– – 6 ).
3 . ( .) ,
$A_{3}$ : 4 $\text{ }$ .
$B_{3}$ : 6 . ( 8 )
$H_{3}$ : 12 . ( 20 ) .





(1.1.3) $\{X_{0}, X_{1}, \cdots\}$ .
$x_{0}$ .
(1) $e\neq w\in W\Rightarrow w(X_{0})\cap X_{0}=\phi$ .
(2) Uw\in ww(X0)=( ).
$X_{0}$ $|/V$ .
$W\ni w-\rangle w(x_{0})\in\{x_{0},x1,x_{2}, \cdots\}$
$w\in W$ $w(X_{0})$ – $W$
.. ( . :1)– 5 .)
12. -
121. - . $S=\in GL_{2}(\mathbb{C})$ $S(z):= \frac{az+b}{cz+d}$
$\text{ ^{}\frac{\mathbb{P}--}{\text{ }\mathbb{C}\cup}}\{\infty\}$
$GL_{2}(\mathbb{C})$
. $z\vdasharrow S(z)$ $\mathrm{P}$ – . ( $S(z)$ $Sz$
$S\cdot z$ .) $;-\gamma_{-}\sim\vee$ $\mathrm{G}\mathrm{L}_{\mathfrak{n}}(\mathrm{c})$ $=$ { ( ) $\# 0$ $\iota 46\mathrm{n}x‘’\iota$ i\S Pl 4}.
122. . $z\mapsto z+\alpha(\alpha\in \mathbb{C})_{\text{ }}z\mapsto az(0\neq a\in \mathbb{C})_{\text{ }}z\mapsto-z^{-1}$ – .
12.3. . $\mathrm{P}$ $GL_{2}(\mathbb{C})$ .
12.4. $n$ . $G$ $X$ . $(a_{1}, \cdots, a_{n})(a_{i}\in X, a_{i}\neq a_{j})$ $(b_{1}, \cdots, b_{n})$
$(b_{i}\in X, b_{i}\neq b_{j})$ $g\in G$ $ga_{i}=b_{i}(i=1, \cdots, n)$
$n$ .
12.5. . (1.2.1) $GL_{2}(\mathbb{C})$ $\mathrm{P}$ 3 .
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. $\mathrm{P}$ 3 $z_{2},$ $z_{3},$ $z_{4}$ -
$S(z):=. \frac{z-z_{3}}{z-z_{4}}/\frac{z_{2}-z_{3}}{z_{2}-z_{4}}$
3 1, $0,$ $\infty$ . ( )
1.2.6. . $z_{2},$ $z_{3},$ $z_{4}$ 1, $0,$ $\infty$ - $S$ .
12.7. .
$(z_{1};z_{2};z3;z4):= \frac{z_{1}-z_{3}}{z_{1}-z_{4}}/\frac{z_{2}-z_{3}}{z_{2}-z_{4}}$
$-$ ( $\mathrm{c}\mathrm{r}\circ \mathrm{s}\mathrm{s}$ ratiO) .




$(\tau_{z_{2}}, \tau_{z_{3,4}}\tau_{Z})arrow(z_{2}, Z_{3,4}Z)arrow(1,0, \infty)$
(1.2.6) $s\tau^{-1}(w)=(w;T_{Z_{2};}\tau z_{3} ; TZ_{4})$ . ( (1) ) $=S(z_{1})=ST-1(T(Z_{1}))=$
$(\tau z_{1} ; \tau_{z}2;Tz_{3}; T_{Z_{4}})=$ ( (1) ). ( )




. $\tau=\in GL_{2}(\mathbb{C})$ (1) ( {} )
$\frac{az+b}{cz+d}$ $=$ $\frac{\overline{az}+\overline{b}}{\overline,cz+\overline{d}}\text{ }$
(2) $(a\overline{c}-C\overline{a})|z|2+(a\overline{d}-c\overline{b})z+(b\overline{c}-d\overline{a})\overline{z}+(b\overline{d}-d\overline{b})=0$
. (2) $a\overline{c}-c\overline{a}=0$ $a\overline{c}-c\overline{a}\neq 0$ . ( )
1.2.10. . 4 $z_{1},$ $z_{2},$ $Z_{3,4}z$ – $(z_{1};Z_{2};Z3;z_{4})\in \mathbb{R}$.
. (1.2.5) $S$ 4 $z_{1},$ $z_{2},$ $Z_{3,4}z$ $(z_{1} ; z_{2;}Z_{3;4}z),$ $1,0,$ $\infty$ .
4 – (1.2.9) 4 –
. 4 $z_{1},$ $z_{2},$ $z_{3},$ $z_{4}$ – (1.2.9) $(z1;z2;z_{3} ; z4),$ $1,0,$ $\infty$ – .
1, $0,$ $\infty$ $(z_{1} ; z_{2};z_{3};z4)\in \mathbb{R}$. ( )
1.2.11. . 2 $C_{1}$ , $C_{2}$ $C_{1}$ $C_{2}$ – $T$ . (
: $C_{2}=\mathbb{R}$ . $C_{1}$ 3 $z_{2}$
.
, $z_{3}$ , $z_{4}$
3 1, $0$ , $\infty$ – $T$ .)
12.12. . – .
. $w=f(z)$ $f’(a)\neq 0$ $a$
. ( )
1.3.
1.3.1. $s_{C}(z)$ . $C$ $\mathbb{R}=T(C)$ - $T$ $C$ ( )
$s_{C}(z)$ $s_{C}(z):=\tau^{-}1(\overline{\tau(z)})$ .
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$s_{C}(z)$ $T$ . $s_{C}(z)$
. $C$ $a\in \mathbb{C}$ $R$ . ( $C$
(1) $|z-a|^{2}=R^{2}$ $\overline{z-a}=\frac{R^{2}}{z-a}$
.) $T$ $z_{2}=\tau^{-1}(1),$ $z_{3}=\tau-1(0),$ $z_{4}=\tau-1(\infty)$ . $T:(z_{2}, z_{3,4}z)arrow$
$(1,0, \infty)$ (1.2.6) $T(z)=(z;z_{2};z_{3;z_{4}})$ .
$(s_{C(z)Z_{2}};; z_{3};z_{4})=\tau_{s(}cz)=\overline{\tau(_{Z})}=\overline{(_{Z};Z2^{\cdot},z3;z4)}$





– ((1.2.8) .) –
$w \mapsto a+\frac{R^{2}}{w}$ . ((1.2.2) .) – $w\ovalbox{\tt\small REJECT}arrow(w;Z_{2;3}Z ; z4)$ (2)
.
(3)
$s_{C}(z)=a+ \frac{R^{2}}{\overline,z-\overline{a}}\tau\gamma \mathrm{X}*\supset \text{ }$
$(s_{C}(z)-a)\overline{(z-a)}=R^{2}$
1.3.2. . – $T$ $C$ $s_{T()}c=Ts_{C}T^{-}1$ . ( : $T(c)=\mathbb{R}$
. $s_{T(C}$) $(Z)=\overline{z}$. – $s_{C}(z)=\tau^{-1}(\overline{T(z)})$
. .)
1.3.3. . $w$ $s_{w(C)}=ws_{C}w^{-1}$ .
. $w$ $C’$ . – $T$ $T(C’)=\mathbb{R}$
. (1.3.2)
(1) $TwT^{-1}=\tau_{s_{C}\prime}\tau-1=s_{T()}c’=s_{\mathrm{R}}$
(2) $\tau_{ws_{C^{wT}}}-1-1=TwT-1$ . $TSC\tau^{-1}\cdot(\tau_{w\tau^{-}}-11)-1=s_{\mathrm{R}^{s_{T}}(c)\mathrm{R}}s$
(3) $T_{S_{w(C)}}\tau^{-1}=s_{Tw}(C)=s_{TwT^{-}(\tau}1(C))=s_{s\mathrm{n}(}T(C))$
(2) $=(3)$ . $C”:=T(C)$
(4)
$s_{1\mathrm{R}}s_{C}\prime\prime S\mathrm{l}\mathrm{R}=s_{S_{1\mathrm{R}}}(c\prime\prime)$
1.3.4. . (4) . ( :(1.3.1) (3) . (1.3.1)
(3) .)
1.3.5. . $C$ $z\mapsto s_{C}(z)$ . ( .)
. (1.3.1) – $T$ $s_{C}(z)=T^{-1}(\overline{T(z)})$ . (1.2.12) $z-\rangle$ $T(z)$
. – $z-\overline{z}$ . . ( )
1.3.6. . $C$ $zrightarrow s_{C}(z)$ . ( :(1.2.9) (1.3.5)
.)
1.4. ( )
1.4.1. ( ) . $D=\{x+iy|x^{2}+y^{2}<1\}$ ( )




142. . 2 $L$ $P$
$P$ $L$ . .
1.4.3. .
$G= \{(\frac{a}{b}\frac{b}{a})|a, b\in \mathbb{C}, |a|^{2}-|b|^{2}=1\}$
$G$
$G\ni A=-,$ $\in SL_{2}(\mathbb{R})$
$SL_{2}(\mathbb{R})$ ( $=$ {( ) $=1$ $2\cross 2$ }) . ( :
$P=$ $PAP^{-1}$ .)
144. . $T\in G$ – $z-,$ $Tz$ $D$
$(\text{ } :_{T}\text{ ^{}\backslash }+’\}\text{ }\mathrm{A}^{)}arrow-\mathrm{c}\text{ }),|\tau 1)|,|-\text{ }$ | T((li.)2|.9 $T(DT(D))$ $\text{ }\prime\not\in\text{ _{}\mathrm{f}}$
(1.2.12) .) ..
1.4.5. . $G\cdot 0=D$ . $(G\cdot 0=\{T\mathrm{O} |T\in G\})$ $G\cdot 1=\partial D$ . $D$ $G$ .
$\partial D$ $G$ . ( $\partial D=\{z;|z|=1\}.$ )
1.4.6. . $\partial D$ $G$ 2 . ( : $P,$ $Q\in\partial D$ . $g\in G$
$gP=-1$ . $gQ=Q’$ . $a\in \mathbb{R}$ $g_{a}=(^{1-(}ai/2^{/2}1+(ai)-ai/ai/2)2)$ $g_{a}\cdot(-1)=-1$ .
$a$ $g_{a}\cdot 1=Q^{J}.$ )
1.4.7. . $C$ $g\in G$ $g(C)=\mathbb{R}$ . ( : $C$ $\partial D$
$P,$ $Q$ . $g\in G$ $gP=-1,$ $gQ=1\text{ }$ . . $g(C)$ ?)
1.4.8. . $D$
.
. $C$ $C\cap\partial D=\{P, Q\}$ . $s_{C}(\partial D)=:C’$ (1.3.5) (1.3.6)
$C’$ $C$ $P,$ $Q$ .
(1) $C’=\partial D$ .
$sc(D)$ . $D\cap C$ $s_{C}$
. (1) (1.3.5) (1.3.6) $s_{C}$
. ( )
149. . 3 .
1410. . $x$ $C_{1},$ $C_{2},$ $C_{3}$ $C_{i}$








(2) $g\in G$ $|gX|=|X|$ .
(3) X \alpha , $\beta$ , \mbox{\boldmath $\gamma$} $|X|=\pi-(\alpha+\beta+\gamma)$
. ( $(1.5.5)$ .)
(1.4. $\cdot$ 10) .
1.5. ( )
1.5.1. ( ) . . (
: .) .
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152. . (1.4.2) 2 $L$
$P$ $P$ $L$ . .
153. . 3 .
. $X$ $|X|$ . $4\pi$ .
$P$ $P^{*}$ (anti-podal point) .




1.5.5. . (1) $P$ $P$ $P^{*}$ $P^{*}$
.
(2) $x$ $x*$ $|X|=|X^{*}|$ .
156. $x$ 3 $\alpha,$ $\beta,$ $\gamma$ $|X|:=(\alpha+\beta+\gamma)-\pi$ .
. (1) $\gamma=\pi$ : $\alpha=\beta$ (1)
$|X|=4\pi \mathrm{X}(\alpha/2\pi)=2\alpha=\alpha+\beta=(\alpha+\beta+\gamma)-\pi$.
(2) : (2) $x$ $P$ $Q$
$x^{*}$ $P^{*}$ $Q^{*}$ . $x$ $Q$ $R$ $x^{*}$ $Q^{*}$
$R^{*}$ (2) . $A’\text{ }A$ .
(1.5.5) (2) $|A|=$ $|A’|$ . $|B|=|B’|,$ $|C|=|C’|,$ $|X|=|X’|$ . (1)
. ( (3) (1.5.5) (2) .)
(1) $|X|+|A|=2\alpha,$ $\mathrm{i}.\mathrm{e}.,$ $|A|=2\alpha-|X|$
(2) $|X|+|B|=2\beta$ , i.e., $|B|=2\beta-|X|$
(3) $|X|+|C|=2\gamma,$ $\mathrm{i}.\mathrm{e}.,$ $|C’|=|C|=2\gamma-|X|$
(4) $|X|+|A|+|B|+|c’|=2\pi$
$(1,$(2), (3) (4) . ( )
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$\mathrm{C}|)$




. (B) $I_{2}^{(3)}\cross A_{1}$ (1) (A)
(2) . ( . (1112)
.)
$|$
(B) $w$ (1111) (A)
. .
158. . $x$ $C_{1},$ $C_{2},$ $C_{3}$ $C_{i}$
$s_{i}$ . $s_{1},$ $s_{2,3}s$ $\nu V$ 3
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$\lambda,\mu,$ $\nu$ .
. C\’i C\’i’ 4
$x,$ $x’,$ $x”,$ $X^{;\prime}$’ 3
. ( $(1.5.6)$
) . $\alpha$ $0<\alpha<\pi$ .
$\doteqdot$
. (1.5.7) $W$






$A_{1}\mathrm{x}A_{1}\cross A_{1}$ $arrow$ .
( $A_{3}$ (1111) .) $c_{1},$ $c_{2},$ $C_{3}$ –
$X$ .
. ( )
159. . (1.5.8) $X$ 3
– . – 3 $(\pi/2, \pi/2, \alpha)$
. 2 ( ) .








(2) (1.5.8) – .
(1), (2) .
162. . $\mathrm{P}=\mathbb{C}\cup\{\infty\}$ 3 $c_{1},$ $c_{2},$ $C_{3}$ $X$
. 3 $s_{C_{1}},$ $s_{C_{2}},$ $S_{C_{\mathrm{s}}}$ $W$ $X$






16.3. ( 1 ). $C_{1}$ $C_{2}$ $A,$ $B$ ( $A$ $B$ )
:
(1) $C_{1},$ $C_{2},$ $C_{3}$ 2 . .
(2) $C_{1},$ $C_{2},$ $C3$ 1 .
(3) $A$ $B$ $C_{3}$ .
(4) $A$ $B$ $C_{3}$ .
(5) $A,$ $B$ – $C_{3}$ $C_{3}$ .
( ) $\iota 5^{-}$
(1) : .
(2) :(1.2) $A=\infty$ . $C_{1},$ $C_{2},$ $C_{3}$
(1.6.1) (1) $w$ .
(3) : $C_{2}$ , $C_{3}$ 2 $C_{1}$ $C_{1},$ $C_{2}$ , $C_{3}$ (4) .
(4) :(1.2.5) $A=0,$ $B=\infty$ . . $0$ $C_{3}$
$K$ . $K$ $C_{3}$ $I\iota^{\Gamma}$ $\pi$
$0$ . $I\iota^{\Gamma}$ $K$
.
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$j\mathrm{s}$ $K$ . $c_{1},$ $c_{2},$ $C3$
. ((1.4) .) (1.4.10) $W$ . (5)
. (5) . .
16.4. $C_{1},$ $C_{2},$ $C3$ (1) $P=(P_{1}, P_{2}),$ $Q=(Q1, Q_{2})$ ,
$R=(R_{1}, R_{2})$ $p,$ $q,$ $r$ . $X=(X_{1}, X_{2})$ $x$ $K$
.
. . $K$ Ci $(i=1,2,3)$ $D_{i}$ $E_{i}$ $D_{i}E_{i}$ $K$ .





$p(x)=\sqrt{p^{2}-x^{2}},$ $q(x)=\sqrt{q^{2}-x^{2}},$ $r(X)=\sqrt{r^{2}-x^{2}}$ . $P,$ $Q,$ $R$ $p(x),$ $q(x),$ $r(x)$
$C_{1}(x),$ $C_{2(X),c(}3X)$ . ( $x=0$ .) $C_{1}(x)$ $C_{2}(x)$
$A(x),$ $B(x)$ $x$ $0$ $A(x),$ $B(X)$ $A,$ $B$
. $C_{i}(X)$ $x$ $B(x)$
Ci $(x)$ .
$B(x)$ $(X_{1}, X_{2})$ (1), (2), (3) . ( )
1.6.5. . (1.6.4) $K$ $S$ $S\text{ }=(0,0,0)_{\text{ }}$ $S\text{ }=(0,0,1)$








166. . (1.6.5) . ( – .)
. xy-
(1) $a(x^{2}+y^{2}-1)+2bx+2cy+2d=0$
. $x^{2}+y^{2}+1$ (1.6.5) (1) $(\xi, \eta, \zeta)$
(2) $a\zeta+b\xi+c\eta+d(1-\zeta)=0$ .
$(x, y)$ (1) $(\xi, \eta, \zeta)$ (2) . $(\xi, \eta, \zeta)$
$S$ $(\xi, \eta, \zeta)$ – . $(\xi, \eta, \zeta)$
– $(x, y)$
. ( )
16.7. . (1.6.5) .



























(1) $C_{i}\cap l\mathrm{i}’=C_{i}’\cap K.\cdot$ ( $\cdot.\cdot$ .)
(2) $C_{i}\cap K$ $K$ . ( $(1.6.4)$ .)
(3) $C_{i}’$ $S$ . ( $(1.6.6)$ .)
. (1.6.7) . ( )
1.6.9. . $S$ $P’,$ $Q’$ $C’$ . xy-
2 $P,$ $Q$ $c$ $P,$ $Q$ $C$ . ( sC’ $(P’)=Q’$
$sc(P)=Q$ $.$ )
. $C’$ $P’,$ $Q’$ . $A’$
$xy$- . (1.6.6) (1.6.7) |)A’ $A$ $C$ .
$A$ $P,$ $Q2$ $P,$ $Q$ . $A$ $C$
$s_{C}(A)$ . (1.3.5) (1.3.6) $s_{C}(A)$ $C$ : $A=s_{C}(A)$ .
$\{s_{C(c_{1})}|C_{1}\in A\}$ $sc(P)$ $sc(Q)$ $\{sc(P), sc(Q)\}=\{P, Q\}$ .




211. . $x$ . $x$ $p$ $p$
$x$ $p$ . (1) . C $x$
C’ $C\sim C’$ C C’ .
$\pi_{1}$ $(X, p)$ \mbox{\boldmath $\pi$}1 (X) $x$
. – .
$\pi_{1}(X)$ - .
: (2) . .










212. . $\pi_{1}(X)=\{e\}$ $x$ .
213. . . $\mathbb{C}\backslash \{0\}$ (= $\mathbb{C}$ $0$ ) $x$ $\pi_{1}(X)=\mathbb{Z}$
( $=$ ).
2.1.4. . $X=\mathbb{C}\backslash \{0,.1\}$ . $a,$ $b$ $\pi_{1}(X)$
$a^{m_{0}}b^{n_{1}}a^{m}\cdot\cdot b^{n_{k}}1.-1a^{m}k-1bn_{k}$ . $(n_{1},m_{1}\cdots n_{k1}-,m_{k-}1\neq 0)$
– . ( $a$ $b$ .)
2.1.5. .
$x \text{ }\int.-arrow \mathrm{t}\not\in,$
$\emptyset l\wedge^{\mathrm{i}}\text{ }\mathrm{j}\check{D}\zeta$
)
$\}^{\mathrm{r}}.a,$ $b\in\pi_{1}(X)$ $aba^{-1}b^{-}1=e$ .
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22. .
221. . $x\geq 0$ \psi
$(\sqrt{x})^{2}=x$ , $\sqrt{x}\geq 0$
.
:
(1) $(\sqrt{x})^{2}=x$ . . $\cdot$
(2) \psi $x$ .
( : .
. - – .)
\mbox{\boldmath $\gamma$} \mbox{\boldmath $\gamma$}
.
(A) $x=\epsilon e^{i\theta}=\epsilon(\cos\theta+i\sin\theta)(\epsilon>0)$ \theta $0$ $\pi$ \mbox{\boldmath $\gamma$} $\theta$ $0$
- $\pi$ \mbox{\boldmath $\gamma$}’ . $\gamma$ $x$ $=\sqrt{\epsilon}e^{i\theta/2}=$
.
$\sqrt{\epsilon}(\mathrm{c}\circ \mathrm{s}(\theta/2)+$






(B) 1 $P,$ $Q$ P $Q$ \mbox{\boldmath $\gamma$}, \mbox{\boldmath $\gamma$}’ . \mbox{\boldmath $\gamma$} \mbox{\boldmath $\gamma$}’
1 . $x$
. - – $=$. 1 $=$. $-1$
. $\text{ _{ \sqrt{P}\cdot.1}=$ $=$. $1$








$\mathrm{r}0$ $D$ – : $x_{0}\in D$
$\sqrt{x_{0}}$ . $x\in D$ $x_{0}$ $x$
\mbox{\boldmath $\gamma$} .
$\sqrt{x_{0}}arrow\sqrt{x}\gamma$
. $\gamma$ \mbox{\boldmath $\gamma$}’ \mbox{\boldmath $\gamma$} \mbox{\boldmath $\gamma$}’
– (– ) branch . $x_{0}\in D$







222. . – :2
$F(x, y)=a_{0}(x)+a_{1}(x)y+\cdots+a_{n}(x)y^{n}$
. ( $a_{k}(x)$ $x$ .) $a_{k}(x)$ $\mathrm{y}$
$F(x, y)=a_{n}(x)(y-\varphi 1(X))(y-\varphi 2(x))\cdots(y-\varphi_{n}(x))$
. $y=\varphi_{k}(x)(k=1, \cdots, n)$ $F(x, y)=0$ .
$x=x_{0}$
$F(x0, y)=an(x0)(y-\varphi_{1}(x\mathrm{o}))(y-\varphi 2(x\mathrm{o}))\cdots(y-\varphi n(x0))$
. $x_{0}$
$Parrow Q\gamma$
$x$ $\gamma$ \mbox{\boldmath $\varphi$}’(P) $=$. $\varphi_{i}(x_{0})$
$=$. $\varphi_{i}(x_{0})$ $\varphi’(Q)$ $=$. $\varphi_{i}(x_{0})$ $\alpha_{i}(Q)$ \mbox{\boldmath $\gamma$}
. $F(x0, y)=0$ .
2.2.3. . $f(x)=a_{0}+a_{1}y+\cdots+a_{n}y^{n}$
$\Delta(f)=(-1.)\frac{\mathfrak{n}(n-1)}{2}a^{2n-}\prod_{i}n.2<j(\alpha_{i}-\alpha_{j})^{2}$






$\triangle(f)\neq 0\Leftrightarrow f(x)$ .
2
$F(x, y)=a_{0}(x)+a1(x)y+\cdots+a(nx)y^{n}$





$\Delta(F)(c)\neq 0\Leftrightarrow F(c, y)=0$ .
224. . $\{x|\Delta(F)(x)=0\}$ $(F(x, y)=0$ $y=\varphi_{1}(x),$ $\cdots$ ,
$y=\varphi_{n}(x)$ ) 1 . $0$ . (2.2.1) 0
(2.2.2) – .
$F(x, y)=0$ - \mbox{\boldmath $\varphi$}k(x) $(k=$




22.5. – . . $a(>0)$
$\log(ae^{i\theta})=i\theta+\log a$
$x$ $0$ - $\mathrm{l}\circ \mathrm{g}x$ $2\pi i$ . $\mathrm{l}\circ \mathrm{g}x$ $0$
$0\uparrow \mathrm{X}\log x$ . (2.2.4)
– .
2.3. .
2.3.1.\psi . . $a$ D
$=1$ - -\psi . ( $D$
.) \mbox{\boldmath $\varphi$}1 $(x)=\sqrt{x}$, \mbox{\boldmath $\varphi$}2(X)=-fi
$V=\{a\varphi 1(x)+b\varphi \mathit{2}(x)|a,b\in \mathbb{C}\}=\{a\varphi 1(x)|a\in \mathbb{C}\}$
. ( .) $\gamma$ $0$ –
. \mbox{\boldmath $\gamma$} $ae^{i\theta}$ $(\theta : 0arrow 2\pi)$ . \mbox{\boldmath $\gamma$}
\mbox{\boldmath $\varphi$}1 – \mbox{\boldmath $\varphi$}1 -\mbox{\boldmath $\varphi$}1 . $(\cdot.\cdot\sqrt{ae^{i\theta}}=\sqrt{a}e^{i\theta/\mathit{2}}$ .
\theta : $0arrow 2\pi$ $arrow\sqrt{a}e^{2\pi i/2}=\sqrt{a}(\mathrm{c}\circ \mathrm{s}(\pi)+i\sin(\pi))=-\sqrt{a}.)(2.2.1)$




2.3.2. $\mathrm{l}\circ \mathrm{g}x$ . $D$ $a$ D
$\mathrm{l}\circ \mathrm{g}x$ \mbox{\boldmath $\varphi$}0 $(x)$ $\varphi_{0}(1)=0$ \mbox{\boldmath $\varphi$}k(x) $=\varphi_{0}(x)+2\pi ki(k\in \mathbb{Z})$
. $(\cdot.\cdot \mathrm{l}\circ \mathrm{g}1=a+bi\Leftrightarrow e^{a+bi}=1\Leftrightarrow e^{a}(\mathrm{c}\circ \mathrm{s}b+i\sin b)=1\Leftrightarrow a=0, b=2\pi k(k\in \mathbb{Z}))$
\mbox{\boldmath $\varphi$}0 $\mathrm{l}\circ \mathrm{g}x$ . $V$ \mbox{\boldmath $\varphi$}k $=\log x+2\pi ki(k\in \mathbb{Z})$
:
$V=\{\cdots+a_{0}\log x+a_{1}(\log x+2\pi i)+a_{\mathit{2}}(\log x+4\pi i)+\cdots|a_{k}\in \mathbb{C}\}$
$=\{a\cdot\log x+b\cdot 1|a, b\in \mathbb{C}\}$
$V$ 2 . \mbox{\boldmath $\gamma$} $ae^{i\theta}$ $(\theta:0arrow 2\pi)$ $V$
\mbox{\boldmath $\gamma$} . $\mathrm{l}\circ \mathrm{g}(ae^{i})\theta=\mathrm{l}\circ \mathrm{g}a+i\theta$
$\gamma(\log x, 1)=(\log x+2\pi i, 1)=(\log x, 1)$ .
( $(\gamma(\mathrm{l}\circ \mathrm{g}x),$ $\gamma(1))$ .)
$\gamma^{k}(\log x, 1)=(\log x+2\pi ik, 1)=(\log x, 1)=(\log x, 1)$ .
. $\mathrm{l}\circ \mathrm{g}x$ $0$ $\mathbb{C}$ \Omega $(=\mathbb{C}\backslash \{0\})$
$\pi_{1}(\Omega)\ni\gamma k_{\text{ }arrow}\in GL_{2}(\mathbb{C})$
.
2.3.3. . \mbox{\boldmath $\varphi$}(x) . $x$
$\mathbb{C}$ $U$ . $\varphi(x)$ $0$ U \Omega \Omega
$D$ . $D$ $\varphi(x)$ $\{\varphi_{1}(x), \varphi_{2}(x), \cdots\}$
$v$ $\{\psi_{1}(x), \cdots, \psi n(x)\}$ \mbox{\boldmath $\gamma$}\in \mbox{\boldmath $\pi$}1 $(\Omega)$ $\gamma\psi_{k}\in V$ .
$\gamma(\psi_{1},\cdots,\psi_{n})=(\psi 1,\cdots,\psi_{n})M(\gamma)$
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$M(\gamma)$ . $\det M(\gamma)\neq 0$
$\pi_{1}(\Omega)\ni\gamma\mapsto M(\gamma)\in cLn(\mathbb{C})$
2. $M(\gamma)$ \mbox{\boldmath $\gamma$} ,





. $x$ $D$ . $y$ $x$ $\gamma\in\pi_{1}(\Omega)$
$D$ (1)
(2) $\gamma F(x,y)=a_{n}(x)(y-\gamma\cdot\varphi 1(x))(y-\gamma\cdot\varphi_{\mathit{2}}(x))\cdots(y-\gamma\cdot\varphi_{n}(x))$
. $F(x, y)$ $x$ – (2) $F(x, y)$
$\{1, 2, \cdots, n\}$ $\sigma$
(3) $\gamma\cdot\varphi 1(x)=\varphi\sigma(1)(x),\cdots,\gamma\cdot\varphi_{n}(x)=\varphi\sigma(n)(x)$.
(2.3.3) $V$ $\{\varphi_{1}(x), \cdots, \varphi_{n}(x)\}$ . $\gamma’\in\pi_{1}(\Omega)$
(3)
$\gamma’(\varphi)=\gamma(\varphi)\forall\varphi\in V$
$M(\gamma)=M(\gamma’)$ . $M(\gamma)$ $\sigma$ . $M(\gamma)$
$n!$ . ( )
. . Galois .
2.3.5. . $\log x$ . ( :(2.3.2) (2.3.4) .)
2.3.6. $(\log x)^{\mathit{2}}$ . $U=\mathbb{C}$ . ( :(2.3.3)
.
(1) $\Omega=\mathbb{C}\backslash \{0\}$ . ( .)
(2) $(\log x)^{2}$ $(\log x+2\pi ik)^{2}(k\in \mathbb{Z})$ .
(3)(2.3.2) .)
2.3.7. $\sqrt{x}\log x$ . $U=\mathbb{C}$ . ( $(2.3.6)$
.)
2.3.8. . $x^{\alpha}(\alpha\in \mathbb{Q})$ . $U=\mathbb{C}$ . ( $(2.3.6)$
.)
2.3.9. . $0$ $U$ . U – $f(x)$ $x^{\alpha}f(x)$
. ( $(2.3.6)$ .)
2.3.10. . ((239) ) $x^{\alpha}f(x)$ $\alpha$ . ( :(2.3.4)
.)
2.3.11. . $H_{+}=\{x+iy|y>0\},$ $H_{-}=\{x+iy|y<0\}$ . $\varphi(z)=$
$z=0$ $H_{+},$ $H_{-}$ – . $H+$ – $\varphi(e^{i})\theta=ei\theta/2$
$(0<\theta<\pi)$ .
(1) $\varphi(H+)$ ? .
$(-\infty, 0)$ $\varphi(z)$ $H+$.
$H_{-}$ .
(2) $\varphi(H_{-})$ ?
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$y=c_{0}+c_{1^{X}}+c_{2}x^{2}+\cdots$ $(\mathrm{H}\mathrm{G})$ :
$-\alpha\beta y=-\alpha\beta \mathrm{q}_{)}-\alpha\beta_{C}1^{X}$
$-\alpha\beta c_{\mathit{2}}x^{2}$ $-\alpha\beta \mathrm{c}_{3}x^{3}-\cdots$
$\gamma y^{J}=\gamma c_{1}\cdot 1+\gamma c2^{\cdot}2X$ $+\gamma c_{3}\cdot 3x^{2}$
$+\gamma c_{4}\cdot 4_{X}3+\cdots$
$-(\alpha+\beta+1)xy’=$ $-(\alpha+\beta+1)_{C}1x-(\alpha+\beta+1)C_{2}\cdot 2x^{2}-(\alpha+\beta+1)c_{3}\cdot 3x^{3}+\cdots$
$xy=\prime\prime$
:
$c_{2}\cdot 2\cdot 1x$ $+\mathrm{c}_{3}\cdot 3\cdot 2_{X}2$
$+c_{4}\cdot 4\cdot 3_{X^{3}}+\cdots$
$-x^{\mathit{2}}y’=$’ $-c_{2}\cdot 2\cdot 1x^{2}$ $-c_{3}\cdot 3\cdot 2x^{3}-\cdots$





$(\mathrm{H}\mathrm{G})$ ( ) . $|x|<1$ $F(\alpha, \beta, \gamma;x)$
$|x|<1$ . $F(\alpha, \beta, \gamma;x)$ .
3.2. . (3.1) $\gamma=0,$ $-1,$ $-2,$ $\cdots$ .
(1) $1-\gamma,$ $-\alpha-\beta+\gamma,$ $\alpha-\beta\not\in \mathbb{Z}$
.
3.3. 2 2 – –
. (3.1) (1) – . (1 $\{|x| <1\}$
. $F(\alpha, \beta, \gamma;x)$
.
$v \mathrm{o}(xu_{0}(x)=()=(11-x)-x)^{-\beta}F-\alpha F(\beta,\gamma-\alpha,-\alpha+(\alpha,\gamma-\beta,\alpha-\beta\beta+1)+1;\frac{1}{1,;\frac{-x1)}{1-x}}\}$ $|x-1|>1$ 2
$u_{1}(x)=F(\alpha, \beta, \gamma;x)$
$v_{1}(x)=x^{1}-\gamma F(\alpha-\gamma+1, \beta-\gamma+1,2-\gamma;x)\}$ $|x|<1^{-\mathrm{c}\text{ }2}\supset$
$u_{2}(x)=F(\alpha, \beta, \alpha+\beta-\gamma+1;1-x)$
$v_{2}(x)=(1-x)-\alpha-\beta+\gamma F(\gamma-\alpha, \gamma-\beta, -\alpha-\beta+\gamma+1;1-x)\}$ $|x-1|<1$ 2




$\{u_{0}, v_{0}\}$ $|x-1|>1$ 2 –
– .
34. . $v_{1}$ $u_{\mathit{2}}$ $(\mathrm{H}\mathrm{G})$ . (
.)
35. . (1) $v_{1}(x)$ $x=0$
.
(2) $u_{i}(x),$ $v_{i.(x})(i=0,1,2,3)$ $(\mathrm{H}\mathrm{G})$ –
..$\cdot$
$\{|x|\neq 1\}\cup\{|X-1|\neq 1\}=\mathbb{C}\backslash \{e^{\pm}1\pi i/3$
. $\{0,1\}$ .
( ) $\{e^{\pm\pi i/3}\}$
. $(\mathrm{H}\mathrm{G})$ $\mathbb{C}\backslash \{0,1\}=\mathrm{P}\backslash \{0,1, \infty\}$ . ( $\infty$




(2) $|x|<1,$ $x\in \mathbb{R}\Rightarrow F(\alpha,\beta,\gamma;x)\in \mathbb{R}$
37. (3.4) $(\mathrm{H}\mathrm{G})$ $\mathrm{P}\backslash \{0,1, \infty\}$ . $H_{+}=\{x+iy|y>0\}$ ,
$H_{-}=\{x+iy|y<0\}$ $H\pm$ $(\mathrm{H}\mathrm{G})$ . $(\mathrm{H}\mathrm{G})$
$u_{k}(z),$ $v_{k()}Z(k=0,1,2,3)$ $H_{+}$ – . $k$
$u_{k}(z)$ $v_{k}(z)$ – . $H_{+}$ – $u(z),$ $v(z)$
$\varphi(z)=u(z)/v(z)$ , $\varphi_{k}(z)=u_{k}(z)/v_{k}(z)(k=0,1,2,3)$
. $k$ $u(z)$ $v(z)$ $u_{k}(z)$ $v_{k}(z)$ – :
$=$ $\exists T_{k}=\in GL_{2}(\mathbb{C})$
$.\cdot$ . $\varphi(z)=\frac{a_{k}\varphi_{k}(z)+b_{k}}{c_{k}\varphi_{k}(_{Z})+d_{k}}=T_{k(}\varphi k(_{Z))}$
(– (1.2) .)
$\varphi(z)$ H .
(A) $x\in \mathbb{R},$ $x<0$ :
$1-x>0$ $.\cdot$. $(1-x)^{-\alpha},$ $(1-x)-\beta\in \mathbb{R}$
. $\cdot$ . $u_{0}(_{X}),v_{0}(x)\in \mathbb{R}$
. $\cdot$ . $\varphi_{0}(_{X})\in \mathbb{R}$
. $\cdot$ . $\varphi((-\infty, \mathrm{o}))=\tau 0(\varphi 0(-\infty, 0))\subset T_{0}(\mathbb{R})=:c_{1}$ ( $=$ )
(B) $x\in \mathbb{R},$ $-1<x<1$
(1) $\varphi_{1}(z)=u_{1}(z)/v_{1}(z)=z^{\gamma^{-1}}\mathrm{t}\frac{F(\alpha,\beta,\gamma,z)}{F(\alpha-\gamma+1,\beta-\gamma+1,2-\gamma;z)}.\}$
$\{\}$ – $z\in\{x\in \mathbb{R};|x|<1\}$ $\{\}\in \mathbb{R}$ . $z$ $0$ $\{\}=$. $1$
$\{\}>0$ . $u_{1}(z),$ $v_{1}(Z),$ $\varphi 1(Z)$ $H_{+}=\{x+iy|y>0\}$
$x>0$ $x^{\gamma-1}>0$ . $z^{\gamma-1}$ $H_{+}$ .
$z$
$z=\epsilon e^{i\theta}$ ( $\theta \mathrm{A}$. $0arrow\pi^{)}$ $z^{\gamma-1}=\epsilon^{\gamma^{-1_{e^{i}}}\theta(}\gamma-1$) $\epsilon^{\gamma-1}$
$\epsilon^{\gamma-1i\pi(-1)}e\gamma$ . . $0$ 2 $\{x>0\}$
$\{x<0\}$ $z\vdasharrow z^{\gamma-1}$ $0$ . $\{\}\in \mathbb{R},$ $>0$
$\varphi_{1}((-1,0))$ $\varphi_{1}((0,1))$ $-(\gamma-1)\pi$ .
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(1.2.9) (1.2.12) $\varphi((-1,0))=T_{1}(\varphi_{1}((-1,\mathrm{o}))$ $\varphi((0,1))=T_{1(\varphi_{1}((}0,1))$
$-(\gamma-1)\pi$ . $\varphi_{1}((-1, \mathrm{o}))$ (A) $\varphi(-\infty, 0))$ –
$C_{1}$ – . .
’
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$\varphi$ $H_{+}$ $C_{1}.,$ $C_{2,3}C$ $X$
: .




. $\cdot$ . $\overline{\varphi_{1}(\overline{Z})}=\varphi_{\mathrm{c}}(Z)$





(E) (D) $(-\infty, 0)$ $(0,1)$ $(1, \infty)$
. $\varphi(H_{-})=s_{C_{2}}(X)$ $\varphi(H_{-})=s_{C}(3)X$ .









. ( : $\varphi$ $\varphi(H+)$ .)
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$\varphi(H_{+})$ . sc.$\cdot$ $k\ldots s_{C:_{2}}sc_{1}.\cdot(X)$ $(i_{1}, \cdots, i_{k}\in\{1,2,3\})$
. $\langle s_{C_{1}}, s_{C}, sc_{\mathrm{a}}2\rangle$ .
$C_{1},$ $C_{2}$ , $C_{3}$ (1.6) $(\mathrm{H}\mathrm{G})$
.
38. . 23 10 I .
$\text{ }\mu=1-\gamma\lambda=\alpha-\beta=\overline{\frac{12}{2}}=-|$ $|\wedge\ovalbox{\tt\small REJECT}--\beta=-\alpha=\underline{1-}-\overline{\frac{\nu 2}{2}}$ $\nu=\frac{k}{m}$
$=-\alpha-\beta+\gamma=.\overline{m}\vee$ $]$ $\iota^{\gamma=}\overline{2}$
. 20 $(\mathrm{H}\mathrm{G})$ $u_{1}(x),$ $v_{1}(X)$ .
$*$
$u_{1}(x)=F( \frac{1-\nu}{2}, -\frac{\nu}{2}, \frac{1}{2};x)=\frac{1}{2}((1+\sqrt{x})^{\nu}+(1-\sqrt{x})\nu)$
$v_{1(_{X})=}x^{\frac{1}{2}}F(1- \frac{\nu}{2}, \frac{1-\nu}{2}, \frac{3}{2};x)=\frac{1}{2\nu}((1+\sqrt{x})^{\nu}-(1-\sqrt{x})^{\nu})$
( :(3.1) (1) . $\nu$ .
: ( ) p.241 .)
39. . ((3.8) ) $D$ $(1-\epsilon)^{2}$ $D$ $(1+\sqrt{x})^{\nu},$ $(1-\sqrt{x})^{\nu}$







310. . (3.7) $\varphi(z)$
$\varphi$ $\Leftrightarrow u,$ $v$ 9 $(\mathrm{H}\mathrm{G})$.
.
: $\varphi$ $u,$ $v$ . $\varphi=u/v$
$\varphi’=(u’’v-uv)/v^{2}=-v^{-2}$
Wronskian
$|_{u(_{X})}^{u(X)}$, $v’(X)v(X)|=(\text{ })$ $\mathrm{x}\exp(-\int\frac{\gamma-(\alpha+\beta+1)x}{x(1-x)}dx)$ =( ) $\cross$ x-r $(x -1)^{\gamma-(\alpha+^{\rho 1}}+)$
( : ( ) pp.56-57\rfloor .) $\alpha,$ $\beta,$ $\gamma\in \mathbb{Q}$








( $x_{0}=\infty$ $X^{-\rho} \sum_{n\geq 0^{ax)}}n-n$
. ( : ( ) $\text{ }$ \S 19 . (3.2)
. (3.2) $\log$
.) $\varphi=u/v$ $\varphi(x)$ .
$D$ $\varphi(x)$ – $\varphi_{1}(x),$ $\cdots,$ $\varphi_{n}(x)$ . ( $(\mathrm{B})$ .)
$\varphi_{1}(x),$ $\cdots,$ $\varphi_{n}(x)$ – $\mathrm{P}=\mathbb{C}\mathrm{U}\{\infty\}$ (C)
$\mathrm{P}$ . . (
















$1_{\mathrm{I}_{\vee}^{\vee}}’--$ \sim , $\tau$
$\epsilon \text{ }’ F*7<$
$(l)$
(3)






$\bigvee_{\kappa}\overline{\mathrm{t}},f_{\mathcal{O}}\mathrm{r}\text{ }J$ \tilde \sim \sim
3
$[\mathrm{f})$
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